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ABSTRACT. This paper deals with the construction of some p-groups of maximal class.

Introduction. Let G be a group, G, = [G, G] be the commutator subgroup of
G and G,;,, = [G;,G] fori > 2. A p-group G of order p” is said to be of maximal
class if |G: G| = p? and |G;: G;yy| = pfori =1,..., n — 1. In addition if G
is of maximal class then G, is defined to be the largest subgroup of G such that
[Gy,G,] £ G, and, in this paper, w is defined to be the smallest integer such that
G, is abelian. The general theory of these groups can be found in [3, p. 361].

This paper deals with the construction of the p-groups of maximal class and
order p" where p > 5, G, is of class 2, and (roughly) n > 2p, w < n/4. We take
p 2> 5 for the groups under consideration are known when p = 2 or p = 3.
When p = 2, G, is cyclic, so G is metacyclic; when p = 3, G, is abelian, that is
G is metabelian, so these groups are also easy to classify [1, p. 82]. The structure
of the groups is quite different when p > 5. If G is of order p" and G, is the first
abelian member of the lower central series for G then, as we shall see, w may be
as large as n/4. The other assumptions, G, is of class 2 and n > 2p, are made to
keep commutator calculations from getting out of hand.

The following conventions, assumptions, and results will be used throughout
this paper: G is a p-group of maximal class and order p” where n > p + 2;
G,, G, ... are defined as above; w is the smallest positive integer such that G,
is abelian; G is generated by s and s; where s € G — G, and 5, € G, — Gj;
s =[sicp,slfori=2,3,...,m G, =<{s;,Gipypfori=1,2,...,n— 155, =1
for m > n. The symbol a(i, ») will always denote an integer such that 0 < a(i,»)
<p-1l

We shall also assume that w > 3. Those groups where w < 2 and G, is of class
2 have been classified [4].

The starting point of this paper is the known result: If w > 3 then [G,_;, G,]
< Gy—p+3- This was proved by Blackburn [1, p. 77]; it will also be proved here for
it follows quite easily from results we have and need for other purposes. The
relation [G,-,, G,] < G,-,.; is equivalent to

4
w—=1,N+
[sw-l’sw: = qu s‘;l(#-q "
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2 R. J. MIECH

where N = n—p+ 3 and, since G, is not abelian, at least one of the
a(w — 1,n + q) is not zero. Once this has been established we prove

Theorem 1. Let G be a p-group of maximal class and order p" with G, of class 2.
Suppose that3 < w < (n—2p + 12)/4. Then, fori =w— 1, w—2,..., 1,

[sir8i11] = .,H va(é:l)vsg,y(q)

where N(i) =n—2w—i)—p+5 and the a(i,v) are integers such that 0
< a(i: 1’) < p- L. .
The equation of Theorem 1 is one of the defining relations of our groups. There

is another set of relations involving double products of commutators. We single
out these products in

Theorem 2. Let G be as in Theorem 1. Set

»
(i, ¥) = [8isSis158s « « - 28]
Let

P2 p-2-j
BG) =TT TL i +j, -V,
Jj=

hjol

p=3 p3-j “
B(i,O) I-% ’l-Io T(l + j )(—I)I G X hzm
Jj=

14j41

2 p—2-,
BG,1) = lﬁo ‘:Hoj (i + j, )V N,
j- -
Then B(i) = BG,1) =1 for i=1,2,...,w—=1; Bl,0)=1 for i=2,...,
w-—1
Some comments about these products might be in order. First of all they are
connected by the equation

[8G,0),518G, 1)~ = B(),

and there are other relations between them. The basic relations turn out to be:
B(1) =1 and B(i,0) = 1 for i =2, ..., w — 1. Secondly the conditions B(1)
= 1 and B(;,0) = 1 for i > 2 are equivalent to a set of congruences involving
the exponents a(i, ») of Theorem 1. These congruences are rather complicated but
it is not too difficult to see that, in them, the numbers

all,n—p+2)all,n—p+3),...,al,n—1)
a,n—p+3),...,a(2,n-1)

aw-1,n—p+3),...,aw-1n-1)
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can be considered as independent variables, subject to the condition that
a(w — 1,») # 0 for some », and the remaining a(i, ») are determined by this set.

There is one congruence in the above set that is simple. We mention it as an
example:

Theorem 3. Let G be as in Theorem 1. Set

1?(0) =1, l‘}(1) = -3,

1 2k — 1
1’(’()——2](__1)( k ), k—2,...,p—2.

Then for j > 0 andj = k mod(p — 1) we have
aw—=1-jNw-1-j)) = Hk)alw — 1, N(w — 1))mod p.

Thus (see Theorem 1) the “leading™ exponent of [s,—,-;,5,-;] is a multiple of
the leading exponent of [s,_;,s,]. Note that if a(w — I, N(w — 1)) = 0 then
aw—1-j,Nw—1-j)) = 0for all j. However if alw — 1, N(w — 1)) # 0t
does not follow that a(w — 1 —j,N(w—1—j)) # 0 for all j, since &)
=0modpforj=(p+3)/2,...,p—2whenp > 7.

Theorems 1 and 3 suggest a number § defined by:

ai,N@i)+q)=0 forg=0,...,86—lLi=w—-1w=2,...,1,
a(i,N(i)+8) #0  for somei.

Since [s,-;,s,] # 1 we have 0 < § < p — 4. The number § plays an important
role here. For, first, if & is fixed then the inequality on w in Theorem 1 can be
extended to 3 < w < (n — 2p + 26 + 12)/4. Secondly 8 is an invariant of the
group for G has a degree of commutativity k = n — 2w — p + 4 + §. That is
[G,G)] < Giyjuiforalli,j > 1.

Incidentally the upper bound on w, w < (n — 2p + 28 + 12)/4, insures that if
[5:5:41] is defined by

[sis8i] = ql;Is va%ﬁ?“’

then G, is of class 2. There might be groups where G, is of class 2 and w does not
satisfy the inequality, but their existence would depend on particular and peculiar
values assumed by the parameters a(i, »). Further details about this can be found
toward the end of §1; see Lemma 1.17.

One other product must be defined. Let

UU”)=§, (Zr: l)(j+2'r+ 1)(j+l-€r+2)

and let B(,0) be defined as in Theorem 2. Set

a6) = 86,0 T TL oG+,
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The product g(i) arises when we consider pth powers in G.
We can now state the main result of this paper:

Theorem 4. Let p be a prime with p > 5. Let nw and 8 be integers such that:

n>p+2, n>2p-— 20,
0<8<p-4 3<w<(n-2p+25+12)/4

Let G be a p-group of maximal class and order p" generated by s and s, with
8; = [si-y,8] for i > 2. Suppose G, is of class 2 and G, is the first abelian member
of the lower central series for G. Then:

(@) For some integer y, s? = s)_,. _

®) Fori=1,2...,w~1,I[s,854] =I5 s;((';mm) where N(i)=n
-2w—-i)—-p+5.

(c) For B(1) and B(i,0) defined as in Theorem 2, B(1) =1, B(i,0) =1,
i=23...,w—1

@Fori=12...,n—-1,

s .. s, ) = 579

where q(i) is defined as above, x(1) is some integer, and x(i) = 0 for i > 2.
Conversely given any n, w, 8 and set of integers {a(i, v)} satisfying these conditions
there is a group of maximal class and order p" defined by these relations.

The conditions s; = [s;_,,s] and s? = s, of Theorem 4 are from the general
theory.

It is not difficult to determine an upper bound for the number of groups of the
form given in Theorem 4. The independent parameters are, for fixed nand w : y,
from part (a); x(1), from part (d); and, from part (c)

all,n—p+2),al,n—p+3),...,a(l,n—-1)
a2,n—p+3),...,a2,n-1)

aw-1ln—-p+3),...,aw-1n-1)

where a(w — 1,») # 0 for some ». Since each of these parameters, subject to the
last condition, can vary from 0 to p — 1 there are at most (p?~3 — 1)p(P-3)w-21+3
such groups.
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Since this paper is rather long an outline of its structure might be useful. We
list and give a brief description of its parts in what follows.

1. This section begins with several lemmas on commutators and powers and
then goes on to some consequences of these results. We have:

Lemma 1.2, a result that is used to express commutators of the form [s;,s;.,] in
terms of the commutators [s;, 841,58, ...,

Lemmas 1.3 and 1.4, several results on pth powers.

Lemma 1.6, which introduces the product B(i).

Lemmas 1.7 to 1.9, a proof of Theorem 1.

Lemmas 1.10 to 1.13, a proof of Theorem 2.

Lemmas 1.14 to 1.16 show that the condition B(i) = 1 is equivalent to a
system of congruences on the exponents a(i, »).

Lemma 1.17 and the balance of §1 concern the degree of commutativity of G
and the upper bound for w assumed in Theorem 4.

2. This section is about the products A(i,0) and 8(i, 1). The main results are:

Lemma 2.1, a reduction of 8(i,0) and B(;, 1) to the form given in Theorem 2.

Lemma 2.2, a translation of the condition B8(i,0) = 1 to a system of congru-
ences on the a(i,»).

Lemma 2.3 gives a connection between B(i,0), B(i, 1) and B(i) which leads to
the fact that we get 8(;,0) = 1 by choosing the parameter a(i,n — p + 2) in a
suitable way.

Lemma 24, a result for reducing [s;,s;,,]° to commutators of the form
[Si4158i+14%] where k > 1.

Lemmas 2.7 and 2.8 establish a connection between ¢(i) of Lemma 1.3 and the
products 8(i,0) and 8(i, 1).

Lemmas 2.9 to 2.11 lead to an equation between ¢~!(i )r(i) of Lemma 1.5 and
the products 8(i, 1) and B(i, 0).

3. This section contains an isolated part of the extension argument. The main
result, Lemma 3.11, shows that if B(i) = 1 then 8(i, 1) = 1. The proof of Lemma
3.11 is based on Lemma 2.4 and several complicated binomial identities. The
identities are given in Lemmas 3.1 and 3.7.

4. We bring all our results together and prove that the groups under
consideration exist.

1. This section contains several results about commutators, powers, and
relations between them. We begin with a recursion formula.

Lemma 1.1. Let G be a group of maximal class with G, of class 2. Set
AG, 1, v) = [51,Si40055 . 23]

Jorv > 0. Then fort > 1

AG,t + 1,0) = AG, ¢, DAG + 1,2 — 1,0)7IAG + 1,4,0).
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Proof. We have
At + 1,0) = [si,Sivia1] = s Siveer = [5800]"Sivr -
In addition
(O LRy EUIN OO |

So, employing the standard commutator relations and using the fact that G, is of
class 2 one gets the equation of Lemma 1.1.
Repeated applications of Lemma 1.1 yield

Lemma 1.2. Let G be a group of maximal class with G, of class 2 and suppose G,
is the first abelian member of the lower central series for G. Let (i, t,v) be defined
as above and set

1 4
(i, ) = [5;,8i41>5 02 23 3)-

Thenfori =w—1,w—2,..., 1 we have

w=l-i j
AG,50) = IT I G +jt=j—1— )
J=0 w=0

where c(1,j,0) = (=1Y () ("}).
This is proved by induction on i and ¢. Note that since G, is abelian we have
AG1,0) = [s80,] = 1 = [s;,81] = (i, 0)

when i > w. Thus the induction starts ati = w — 1.
When i = w — 1 we have, by Lemma 1.1, A(w — 1,2+ 1,0) = A(w - 1,1, 1)
= [A(w = 1,1,0),s]. When ¢ = 1 we have

Aw = 1,2,0) = [A(w — 1,1,0),5] = 7(w — 1,1).
So, by induction on ¢,
Aw—-1,40)=1w—-1,1-1).

Suppose next that the equation of Lemma 1.2 holds for i+ 1,i+2,...,
w — 1. Then: (1) verify the given equation for A(;, 1,0) and A(i,2,0) by direct
computation; (2) assume the relation holds up to ¢; (3) apply the induction
hypothesis to the right-hand side of

AG,t + 1,0) = MG, 6, DAG + 1,2 = 1,0)7'AG + 1,1,0)7".

Doing so one gets Lemma 1.2
The next two lemmas are consequences of results in [5].
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Lemma 1.3. Suppose G is a group of maximal class with G, of class 2. Set

P+ 1\ /&+1t k+2t—1-1t k+t
”("””)=( ¢ )(1+1)+( (-1 )(k+2t-l)’
~+1 p
skt = Sty )

P2 p-
q(’) = l];-=I [sl+l9 :+k] B(p.kl)
Then, fori = 1,2,...,n -1,
Do qe) = 9

where x(1) is an integer and x(i) = 0 fori = 2,3, ...,n— 1.

Proof. Take x = s and y = 5; in Theorem 4 of [5]. Then ¢(0) =y = s,
a(k) = s;,, and we have

’ f
Gs)” = SPS.(') .o -s.(?p-l ’H 11 [Sisss Siaa ] 75P5D,

Since s” and (ss,)” are in the center of G and s? = (ss;)” for i > 2 [3, p. 36] the
assertion follows from this equation.

Lemma 1.4. Let G be as above and suppose that w > 3. Set
k+1t k+2t—-1-1 k+t
a(klt)—( )( / )’( t—1 )(k+2:—l)’
k) = (2)(5) - g aws0(,",)

P2 p-l
r(’) = H H [1+Ia l+k] A(p,k+l.l+l).
=1+
Then, fori =2,3,...,n— l,

) = 1.

Proof. Take x = s and y = 5., in Theorem 3 of [5]. Then o(0) = s,
o(k) = s;_144 and we have

1 k=1

~
s = s s L. IT H [Si-1+k Si-144]4PH

:+p-l k=2 §
-3 p—2
= St-lsﬁ) | [51+la3 k| APEALID,

-1 j20 k=
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Since s” is in the center of G, Lemma 1.4 follows from this. (The range of
multiplication in the last double product can be extended to / =p—2,
k=p-1sincefork =p— 1, A(p,p,/ +1) = 0.

Comparing Lemmas 1.3 and 1.4 and manipulating binomial coefficients one
gets

Lemma 1.5. Suppose w > 3 and i > 2. Set

s~ ()
D(P””‘)='(1£1)(k+1) 2"("")( k+1 +x)'
Then

2 p-l
g'@)r@)=11 II [Si+hsi+k]D("M) =
1=0 k=4+1

The function B(i) that is introduced in the next lemma turns out to be one of
the basic products connected with our groups.

Lemma 1.6. Suppose G is a group of maximal class with G, of class 2. Let, for
i>1,

B(i) = [s;,s§ 1+| ss-:r)p-l]

Then B(i) = 1. Moreover,
P2 p2-J
B6) =TI 6+, 110
j -

where k(j,1) = (-1) (M)(nmz)

Proof. According to Lemma 1.3, s, .. f;)p_, q(i) = s;7s4). Since G, is of
class 2 this implies that

B(’) = [S,',S,(i)l ° ‘s,(;.,)rll = l‘

As for the second part of Lemma 1.6: Using the fact that G, is of class 2 and
then applying Lemma 1.2 we have

p-1
B() = IT AG, £,0)()

p—l w=l-i j
=IO I Iri+je—j-1- w)(heie)

=1 /-o w=0
w—1-—i p—

=1I l'If(t +j, k0D

j=0 i=0
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where

wn=_ 5, o2,

twit—w—j—1=

= 2. (-, L))
=) E5k)

Finally, since 7(i,0) = [s;,s;,,] = 1fori > wand k(j,?) = Ofor/ > p—-2—j
the range of j and / in the product defining B(i) can be altered to the one stated
in Lemma 1.6.

We are now in a position to establish most of Theorem 1. To begin we have

Lemma 1.7. Let G be a group of maximal class with G, of class 2. Suppose G,_,
is not abelian, G,, is abelian, and w > 3. Set

m-1
[sw-lisw] = qI-IO s:(_n';:l;q)'

Thenl <m<p-—3and0 < aln—m) <p.

Proof. First, since G,_, is not abelian and G, is we have [s,_,,s,] # 1. Thus
for some m > 1, a(n — m) # 0.

We need to bring a few facts together to get the upper bound on m,
m < p—3.First take i = w — 1 in Lemma 1.5 to get

1
(l) :fII [sw-l’sw-l+k]k(z;) =1
Next, by Lemma 1.2,
(2) [sw—l9sw—l+k] = 41;.[0 Su}‘(-";r;f -1-
Finally for any i > 1[1, p. 67},
slp = i-d-lp—l mod Gi+p'
Now, by (2) and (3),

4
[sw-l’sw—l-o-k] € Gn—m+k—l+p-l < Gn—m+p-2

for all £ > 1. Next, examining the term corresponding to k = p — 2 in (1) we
find that

[suhlasw-l+r2](r2x”l) = 3;-2:(::-;:2 mod G pyp-z-
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Finally for the last term in (1) we have

[sw-l’sw-l-'-p—l]rl = | mod Gn—nﬂ-p—z'

Bringing these results together we have

S;-zﬁi;—g = 1 mod Gn—nﬂ-p-z

Since 0 < a(n — m) < p this implies that m < p — 3.
Lemma 1.7 is the first step in the inductive proof of

Lemma 18. Set Ni()=n—-2w—i)—p+5. Then for i=w—1,w—2,
.» 1 we have

[S,, 1+l] = H a(:N(:)+q)

The proof of Lemma 1.8 is based on
Lemma 19. Let k(j, /) be defined as in Lemma 1.6 and set

P2j
B ="TL i + 19,
Suppose that fcrj > 0

(54758 ]_ SAUHLNG+j)+q)
itjsVi+j+1 450 N(H’J)"'q

where N(i + j) is a positive integer. Let y(j) = k(j,p — 2 — 2j)a(i +j,N(i +j)).
Thenforj=0,1,...,(p— 3)/2 we have
B; = 5%(4jy+p-2-2 M0 Givgapap13-
Forj=(p-1)/2,...,p— 2we have B; € Gy,
Proof. We have

0 =01 77) () £k 2) = 0mocs

for/ < p—3-2j. Thusif j < (p — 3)/2 then B; = B;B’; where

P D
B = ’IJ;) (i +j, 1) € GnG+jyp-1

and
p-2-j

B = I-pl-;-ZJ i+ 1,00 = S5 yape2-2 mOd Givgayyep1y-
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The first part of Lemma 1.9 follows from these two relations; the second part is
obvious.

Proof of Lemma 1.8. Assume, inductively, that N(i +j) = n—2(w — i —j)
—p+5 for j > 1. Let N(i) be the smallest positive integer such that 0
<a(i,N@)) < p.

Now by Lemma 1.6, B(i) = By --- B,., = 1. By Lemma 1.9,

0
By = 530ep-2 m0d Giypes

Let # = (p—2)/2 and n(i) = n— 2w —i). Then by Lemma 1.9 and the
induction hypothesis

B| e B, = S,',‘(,)+3 mod Gn(i)+4
where A = 37, k(j,p — 2 — 2j)a(i + j,N(i +j)). Finally for j > (p — 1)/2

we have B, € Gy p and N(i+j) =n—2w—i)+2j—p+5 2> n(i) +4.
Consequently
1= ByB, -+ B,y = Sy hp-25kis mod G,

where A is the minimum of N(i)+p—1 and n—2(w—i)+ 4 and »0)
= a(i,N(i)). If we assume that N(i)+p—1<n—-2w—i)+4 we have
spordYy = 1 mod Gygyp-;. This implies that N(i) +p—1<n—2w—i)
+4and N@()+p—-22>nor N(i)+p—12>n— 2w—k) + 4. Since we
can assume i < w — 2 the first case is impossible. Thus N(i) > n— 2(w — i)
— p + 5. If we now let the appropriate exponents be zero we may assume that
Ni)=n-2w-i)—p+5.

The above proof contains a relation for the exponents a(i, N(i )). We have

Lemma 1.10. Let # = (p — 3)/2. Then
Jg"b (—1)’(" '} _j)(”;.'j)a(i +j,N(i +j)) = 0 mod p.

That is, if #0) = 1, %(1) = =3, and Hk) = —(1/2k — 1)) fork =2, ...,
P —2then, forj > 0andj = k mod(p — 1),

aw—-1-jNw-1-j)) = Hk)alw — 1,N(w — 1)) mod p.

Proof. Examining the proof of Lemma 1.8 and using the fact that N(i)
=n—-2w-—i)—p+5=n(i)— p+ 5one sees that
1= B(i) = Sf(?)),.,s mod G"(’)"“

where S(i) = Xjuo k(j,p — 2 — 2j)a(i + j, N(i +j)). This gives us the first part
of Lemma 1.10.
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There are several steps to the proof of the second part of Lemma 1.10. The first
is

Lemma 1.11. Let A(i +j) = a(i +j), N(i +j) and
0 sy ="3 (* 73721 )46+
Then,forqg=1,...,p—2,

2j+1

j )A(w 1 - g+ j)modp.

@) Sw-1-g)=3 2 (

Proof. We have (—1)/("77)("/') = (¥')mod pwhen 0 < j < (p - 3)/2.In
addition Aw—1+¢) =0modp for £ > 1, so (1) reduces to (2) when ¢
< (p — 3)/2. Furthermore (¥;') = O mod p when (p - 1)/2<j < p-2,s0
(1) is equivalent to (2) for (p — 1)/2 < g < p-2.

Lemma 1.12. Let K(x) = (*') and

M=) S K)o K
r= Xjyeoos X2+ +x,m=q

Then,forq = 1,...,p — 2,
Aw -1 - q) = Hg)A(w — 1)mod p.

Proof. This can be proved by induction on g. One has

q
Sw—1-g)=Aw-1-q) + %K(j)A(w— 1-g+j)=0modp,
i<
which follows from (2) of Lemma 1.11 and Lemma 1.10.
Lemma 1.13. Ler

¥Hr.q) = 2 K(x))- - K(x,)

XpseosXe 20X 400 Xy =g

and, as in Lemma 1.12, ¥g) = X%, (<=1)'¥r,q). Then 1) = —3 and

% = —gr=n(s )

Jorq 2 2.
Proof. To begin we have

1+x =73 (-1/2)"" -3 —1)* 2%k + 1)(k+ k.

k=0
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Integrating this from 0 to ¢ and then replacing ¢ by 4¢ we get

a-a+av) = 3 - 1)*(2" + ‘):m.

That is

[(1-2)-(1+4)"?] 2% +1
2 kgl - l)k( )
Let
#) = 510 -20 - 1 + 49 = & or(* 0 e
Note that ¢(t)" = 3, (—1)?8(r, ¢)¢?. Thus

3 o0y = 3 17 § 0ty

and we have
o) _ Q.
1+ (p(t) - qgl ( 1)""(4)’4-
But
-o) _ _ _ S (-1 L (29-1
= a2 =34 8 il 1)( o)

So, comparing coefficients we get Lemma 1.13.
We can now complete the proof of Lemma 1.10. First if p = 5 we have, by the
first part of Lemma 1.10, A(i + j) = 2A4(i + j + 1)mod 5. Thus

Aw—1—k) = 2*A(w — 1)mod 5
for any k > 0. Since (k) = 2* mod 5 for k = 0, 1, 2, 3 this completes the proof

for the case p = 5.
Suppose then that p > 7. By Lemmas 1.11 to 1.13,

Aw=1-k) = k)A(w — 1)mod p
for k=0,1,...,p—2 with &k) as given in Lemma 1.10. Since k)

= 0 mod p for k = (p + 3)/2, ..., p — 2 we have, by the first part of Lemma
1LI0withi=w—-1-(p—-1)and7 = (p — 3)/2,
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A(w-l-(p-1)]+(—l)"(p—2_")(p+").4(w—l—(p—l)+1r)

T @
= 0 mod p.

Since Aw—1-(p—-1-a) = H(p + 1)/2)A(w — 1)mod p it follows that
Aw-1-(p—1)) = A(w — 1)mod p. This, the first part of Lemma 1.10, and
the fact that (k) = 0 for k = (p + 3)/2, ..., p — 2 gives us the fact that the
values of A(i) repeat modulo (p — 1).

Lemma 1.10 illustrates the fact that the relation B(i) = 1 imposes certain
conditions on the exponents a(i,j). In this particular case we have
alw =1, N(w— 1)) acting as an independent parameter while, for i 5
w — 2, the a(i, N(i)) play the role of dependent ones. The purpose of the next
few lemmas is to derive a result that will enable us to determine which of the
exponents act as independent parameters when we take B(i) = 1.

Lemma 1.14, Let E(0) = -1,

ACTERE r)=t%ﬂ(z.i 1)"'(:,5; 1)’

and forj 2> 1

EU) = £ 3 fn..ut)

where I(rj) ={1<t,....t, <p—2,4y + -+, =j). Suppose that G; is
abelian. Then

n—p—i

sf = jI_-% Sﬁ(}-)w-

Proof. Since G; is abelian we have, by Lemma 1.3,
sPs@ .5 =1

That is

=2
S = Sy 11 ()70,
-
Lemma 1.11 follows from repeated applications of this formula.

Lemma 1.15. Ler B(i) be defined as in Lemma 1.6, a(i, N(i) + q) as in Lemma
1.8 and E(j) as in Lemma 1.14. Set A(i,q) = a(i,N(i) + q) and E(j) = O for
Jj<O0. Let
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N TN G \Je2 NV A 2
win="3 s0-2-2H( V), £ a)

r - j - - N
F(@,r) =:§“§0A(i+j,r— l).(Tl)-(P 2_,' Jj+ l)(;:Jl)’

L4 r

G(i,l‘) =3 p A(i +j’r—l)‘,(j’I)’

Jj=0 1=2j

where m = (p — 3)/2. Let H(i,r) = F(i,r + 1) + G(i,r) for r > 0. Let n(i)
=n—2w—i). Then

2Aw—=i)-5

. i,0 H(,
B(i) = Sﬁ»& 'I_Io 3..(1():)4”-

Proof. By Lemma 1.6,

P2 p2-j .
B@) =TI I G+, p)kon
Jj=0 »=

where k(j,») = Omod p for » < p—3 —2j. So split B(i) into two parts,
B(i) = P, P, where

p=2 p2-j 7 p-3-2

Pl = H H 7(1 +j’”)k(j")’ P2 = H H ‘f(l +j’v)k(j’)’
Jj=0 v=p—2-2j j=0 »r=0

Recall that (i + j,0) = IL,»0sni/f), Where NG +j) =n—2w —i)
+2j—-p+5=n()+2j—-p+5.
The product P, is easy to handle. We have
P = ’ff = I] skUnae+ia

N(i+j)+q+v *
20 pmp--2j 430 NUHer

Thusif wesety =p—2—2j+ 4/ =0,...,j,then N(i +j)+» =n(i)+3
+ / and we have

F
P 1= rIZIO sn(l(')'?3+r

where F(i,r) = 323 Siao Al +j,r — Dk(op =2 =2 + /).
The product P, is slightly more complicated since the exponents are divisible
by p. To begin we have

a p-3-2 . . ” it
P = 10 I T s = I 11 siasey
where G,(i +j,x) = 3,0 A(i + j,x — v)k(j,»)/p. Applying Lemma 1.14 here
we get
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L4
= E(NG(i+), - Ga(i+),y)
P, = H II 11 SN((iljig;—jli)xH - II II sn(izf+4+;'+21

j=0 x30 /30 Jj=0y30

where

Y

GZ(i +jay) = xgo E(y - x)Gl(i +j,X)
y y=t i
=S AG+i) S E(y -1 - kD,

=0 r=0 p

Finally
P, = [T sS¢
2 rIzIo Sp(iy+r+4

where

G(i’r) =j§0 GZ(i +j,"- 2j)

¥ r=2j r=2j—t .
=3 EOA(i +j,0 20 E(r—2j—t—v)k(‘,’y)
= p=

j=0 p
v r . . -2 . k(', l')
= +jr - - 2j — p)—2=,
jgo P A +j,r=1) ’go El-2j-») )

Since the » in the innermost sum must also satisfy the inequality y < p — 3 — 2j
(see the definition of P,) we get
L4 r
G(iar) = E 2 A(i +jr— I)',(.Ia’)'
J=0 1=2j
Lemma 1.15 follows from these results.

Lemma 1.16. For i = w—2, ..., 1, the equation B(i) = 1 is equivalent to a
system of congruences

a(i, N() +j) = glij)modp, j=0,...,2w—i)-4

where @(i,j) is some function of aw — l,n—p+3),...,aw—1,n—1), and
ak,n—p+2),...,akn—-1)k=w-2,...,i+1

Proof. Suppressing most of the information appearing in the definitions of
Lemma 1.15 we have

)] H(G,r) = AG,r + 1) + ¢(4(,0),...,4G 1), ..., AG + j,k),...)

where ¢ is some function of 4(i,0), ..., A(i,7) as well as the A(i + j,k),j > 1,
k > 0. We also have

2Aw—i)-5
) i0 H
@ BG) = sgis I suiyias = 1.
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So, by Lemma 1.14,
(3) H(i’ r) + ‘p’[H(i’r - l)’ e o0 ’H(i’ 0)’ F(i’ 0)] = 0 mOdp

where ¢’ is some function of the variables displayed. Putting (1) in (3) we see that
(3) can be regarded as a defining congruence for A(i,r + 1). Since A(i,r + 1)
=a(i,N@)+r+1),N@i)=n-2w—i)—p+5 and r <2w—i)—5 we
have N(i)+r+ 1< n—p+ 1. Thus we have defining congruences for the
parameters a(i, N(i)), ..., a(i,n — p + 1). Lemma 1.13 follows from these re-
sults.

Lemma 1.16 is, of course, of limited utility. However we shall need it, and
several analogues of it, to determine our course in the extension problem.

The next few lemmas deal with the upper bound for w in Theorem 4. To begin
we have:

Lemma 1.17. Let m(i,t) = n—-2w—i)—p+ 4 + tand

kg i( 7 NtV a I NG
d.on=3 5 (2 )T N+ aNG i) + )
Then, fort > 1,

[8i28i4e] = rl;IoSf,(.ffﬁ,‘

This follows from Lemmas 1.2 and 1.8.

To continue, under our present assumptions we may have a(i, N(i)) = 0 for
all i; likewise we might have a(i, N(i) + 1) = 0 for all i. So let us define an
integer & by the conditions:

a(i,N(i) + 8) # 0, for some i.

Note that since [s,—;,s,] # 1 we have 0 < § < p — 4. Furthermore, in
Lemma 1.17, we have e(i,t,r) = 0 for r < 8.

Lemma 1.18. Let 8 be as above and set k =n—2w—p+ 4+ 6. Then
[G,G)] < Giyjuiforall i j > 1.

Proof. This follows from Lemma 1.14 since
[8i2814:] = 5849 mod G,

wherex = m(i,0) +8 =2i+t+n-2w—p+4+8=i+(i+¢) +k

The assumption in Theorem 4 thatw < (n — 2p + 28 + 12)/4 is derived from
Lemma 1.18 and the condition that G, be of class 2. For, by Lemma 1.18,
[G1,Gi] =[G}, G,] < Gy So
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[G1,G1,G] £ [G344,G1] £ Gaas

and if we take 4 + 2k > n, ie. n — 4w — 2p + 28 + 12 > 0, we have [G,,G,,
G|] = 1.

The bound » — 4w — 2p + 26 + 12 > 0 is a sufficient condition for G, to be
of class 2; it may not be necessary. Consider the following case where
n— 4w — 2p + 26 + 12 = —1. Calculating [s,s,,5,] by Lemma 1.15 we get

[51,52,5] = 525
where

n-2w—p+5+8—j)

@ = al,N() + 8) S, ali +1.NC +5) + )1/ ;

If G, is to be of class 2 we must have &« = 0 mod p. But, by the above, a may or
may not be divisible by p; it depends on the values assumed by the a(i, N(i) + j).
In short if w is large enough so that n — 4w — 2p + 26 + 12 < 0 the question of
the existence of the groups in question depends on the particular values of the
a(i, N() +j).

Finally, it is easy to see that if G, is to be of class 2 and G, is the first abelian
member of the lower central series for G thenw < (n — p + 7 + 8)/3. For under
these circumstances [G,, G,] must be abelian, and, consequently, is contained in
G,. But then, by Lemma 1.17,

[s1,5,] = ’I;Ib s:(l'zlﬁ-'-)p+7+s € G,,
son—=2w—p+T7+862>w

2. In this section we introduce two products which play a central role in the
extension problem.
The products are defined for i > 1 by

B(” 1) = pﬁ Pl:f A(l',a,u - a)‘(-:l)

a=1 u=a
and

-1 p-1
B(‘,O) = H H A(i’a - Lu- a)—(.:l)'

a=2 u=a

The commutator A(j, 2, ») is defined as in Lemma 1.1. If we apply Lemma 1.2 we
have

Lemma 2.1. Let B(i,0) and B(i, 1) be defined as above. Then

B 1) = LTI (i + 1, £y
j=0 i=0
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where

, af?+j+1 +j
m(j,4) = (=1 '( B )(1 L2 z)’
3 p3-j
BG:0) = IT TI" oG+, Y97,

where n(j, ) = (=17 ("3 (5ks)-

Proof. Applying Lemma 1.2 we get a four-fold product with 4, , j, and w as
indices of multiplication. If we hold j, w, and « and let a run through its range
we find that

w—=l-i

86,0 =T 110 ot ju == 1= e
=0 @=0 u=1
where m(j,0,u) = (=1Y"*'({) (L) ().
Next, holding j fixed and gathering together those terms where u —j — 1 —
= x, we get

w—1-i p—

BG,1) = H II'r(t+Jx)"‘U’"

where m(j, x) = (=1)"*'(*}11")(,5/,2). This completes the proof of the first part
of Lemma 2.1. The proof of the second part is similar.

Later on we shall see that we must have B(i,1) = 1. Thus we will have two
representations of 1:

P2 P2
B() = IT IT o+ 0)0 =1

where k(j, /) = (- l)’(lﬁ)(uzﬂz) and

86,0 = T TL G+ 4y

where m(j,#) = (=1)"*'("711")(,5}2). If we know G is a group we have two
equations and no problems. However if we are trying to construct G the question
of the consistency of these two equations arises.

We shall also have to have B8(i,0) = 1 for i > 2. This condition is slightly
different from the two above in that it imposes a defining congruence on the
parameter a(i,n — p + 2). To see this one must prove:

Lemma 2.2. Let f(i,0) be defined as above, a(i, N(i) + q) as in Lemma 1.8, and
E(j) as in Lemma 1.14. Set A(i,q) = a(i, N(i) + q) and E(j) = 0 for j < 0. Let
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&Y NG ) AT ETED p+j
wih= 2 E("ZJ"")T( j+1 )(v+2j+3)’
PR3 -2-j+! +j
SN s 1P J p+j
S6) =3 & AG+ir- Dy (PTI I (24,
TGr) = 3 3 AG+jr— NG
Jj=0 1=2j
where p = (p — 5)/2 and W(i,r) = S(i,r + 2) + T(i,r). Then

Aw—i)-S
. SGE0) Sl Wi
BG,0) = Sn($~)+)z S..é»)s rl:lo Sn(.'(ﬂr

where n(i) = n — 2(w — i).

The proof is similar to the proof of Lemma 1.15. Furthermore an argument
similar to that given for Lemma 1.16 shows that the condition B(i,0) = 1 is
equivalent to a system of congruences which can be considered as defining
congruences for the parameters A(i,r + 2) = a(i, N(i) + r + 2). Since N(i) + r
+ 2 < n - p+ 2 we have a set of congruences in which

a(i,N(@i)),...,aG,n—p+ 1), aiin—p+2); i=w-2...,2,

can be considered as dependent variables.

There is a relation between the three products under consideration:

Lemma 2.3. Let B(i) be defined as in Lemma 1.6 and B(i, 1) and B(i,0) as in
Lemma 2.1. Then

[B(i’ 0)’S]B(i’ l)-l = B(i).

Proof. We have

3 p-2-j

[BG,0),s] = pl:[op;l'[] i +j, 1),
J= -

2 p-2-j
BG, 1) = 'fI '-H (i + j, )™,

j=0 /=0

In addition

, . 1+j +j
wGt =)= mGt) = (1) (, )
1+j+1 p+2
+(-1)f( j*1 )(1+2j+2

) i) 0
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Lemma 2.3 follows from this.
To return to the consistency question: Lemma 2.3 shows that if B(i) = 1 and
B(i, 1) = 1 then [B(i,0),s] = 1. But if

wir) 1

. 5G0) _SG,1
[B(,0),s] = Sn(?y)a Sn(?)-0?4 Sniy+ser =

then the congruences we get for a(i, N(i)), ..., a(i,n — p + 1) from B(i,0) = 1
are equivalent to those derived from B(i) = 1. Furthermore since [ 8(i,0),s] = 1
we can get B(i,0) = 1 by choosing the parameter a(i,n — p + 2) suitably.

In sum we shall take 8(i,0) = 1,i > 2, and B(1) = 1 as defining relations for
G in Theorem 2.

The next result is a very useful reduction formula for pth powers of commuta-
tors.

Lemma 2.4. Suppose that B(i) = B(i + 1,0) = 1. Then

2Aw—i)-6
I1
r=0

P2
[sissim]” = ‘I;[l [Si415 Sia10e )52
Proof. By Lemma 1.1 and induction on

AG,u,0) = (i,u—1) f[2 Mi+lLa-lLu—a)'Ni+ l,a-—lLu—-1-a)".

By Lemma 1.6,

B(i) = plill. AG, 1, 0))-

Thus B(i) = P, P, B where
P! »
P = 1'[l (i,u — 1)),

-l u ,
Pp=T] ILAG+La~Lu— a) W,

-1 u-1 )
B = H II >\(l+ l,a— l,u- 1 —a)‘(ul).

u=2 g=2

Now if g € G, where G, is abelian we have, from Lemma 1.3,
g’le sl lgs, .19 = 1.

Consequently,

[P.s] = pI:I: (i, ) = 1(;,0).
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Next, by the definition of 8(i + 1,0), P, = B(i + 1,0). Finally,

p—-1 u-1 ,
[Bas] = ]:[2 H2 A(l + lLa—-lLu-— a)'(..,)

-1 p-l

112 H A(1+ l a— 1 u—a)’(»l)® H A(l‘" l a- l 0)('”)

= B(i + 1,0) q AG + 1,1,0)),
(=

Thus

[B(i),s] = 7(i,0)[B(i + 1,0),s]8( + 1,0) H AG + 1,4,0)6),

Lemma 2.4 is a consequence of this equation.
If we apply Lemma 1.2 to Lemma 2.4 we get

Lemma 2.5. Suppose that B(i) = B(i + 1,0) = 1. Then

7(:,0)” = H H (i +j, )00

where f(j, 1) = (-l)""(m_l)(ﬁzjf:l .

The next few results deal with reducing the products in Lemmas 1.3 and 1.5 to
commutators of the form (i, ») and the functions B(i,0), 8(i, 1). To begin we need
several binomial identities.

Lemma 2.6.

(k+2t—l—l)( k+t ) ’*“‘ 1-» (k+t—r)
t—1 k+2t—1 vy \2 -1 1-v )
&nwifati b\ _ b—a—l)
Eev(*2)G) =07

Proof. Let L denote the left-hand side of the first equation. It is easy to check
that fora > 1

1=v\[(k+t-a k+2t=t-1\[k+t—-a
L~ ,?o(:-l)( I-a )*( (-1 )(k+2t-l)'
The first equation is a consequence of this relation.

The second equation can be proved by equating coefficients in the two
expansions of (1 + x)™'(1 + x)°.

Lemma 2.7. Let (i) be defined as in Lemma 1.3. Set
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win =3 (7)o )

TP TRV G0 Gr) US|

and U(j, 1) = U,(j, 1) + Uy(j, #). Then
P2 p72-j
') — . . ~UQit)
a) = T TL 66 +7.5700.
Proof. According to Lemma 1.3,

-2 p-l
q7'() = ’I;I IT [siersSia )220

0 k=/4+1

where B(p, k, 1) = SiLl [by (k, £,u) + by(k, £, )] (i.f.) with by (k, £, u) = (";") (3
and, by Lemma 2.7,

by(k, 4,4) = ':ﬁ_’l" (: - z]')(k tu- p).

Set k=/+t,t=1...,p—1— 1 in the above product for ¢~'(i). Then,
applying Lemma 1.2 and gathering similar terms together, we have

w—l-i p—.

1) =TI L G+ x07

where

Ux,y) = E E (—l)’( )( Jj)B(p,x+y+w+l,x—j).

Jj=0 w=0

So, in view of the equation for B(p, k, /) in the preceding paragraph, let
x=j+1 +
uw=335"% c(2)(”))

j=0 =0 u=0 y

-b,(x+y+w+l,x—j,u)(x+y+f’+2+u)

fori = 1, 2. Then U(x,y) = U% + U%.
To evaluate U#%, fix j and gather together those terms where w + u = r to get

Ut = i**'( ly(y+j)(x+y+r'|?l)

j=0 r=0 x+1—j

( p )x+l
\x+y+r+2 r )
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Then apply the second identity of Lemma 2.7 to get

= 5D ¢ )

The evaluation of U% is similar. One gets

&S (-1 [x+r P
U'z‘,g.( r )( 2r )(x+y+r+2)'

Finally since (*}")(331) + (*7) (%) = (*7')(*%"), U% and the first part of U}
combine, in the notation of Lemma 2.8, as U, (x, y). If we label the remaining part
of U% as U,(x,y), we have Lemma 2.7.

Lemma 2.8. Let U,(j, ) be defined as in Lemma 2.7. Let B(i,0) and B(i, 1) be as
in Lemma 2.1. Then

P2 p-2-j )

q(i) = BG,0)8G 1) TT T (i +j, )00,
j=0 =

Proof. According to Lemma 2.8,
. P+j+ 1\ (ji+1 P
- = (—1)H!
von = (TN S0 )G6--0-0-0)
= (-1 1+j+ l)(p+j+l )
j+1 1+2i+3)
But this is the exponent we get for (i +j,/) when we form the product

B, 0)8G, 1).
This, for the moment, ends the discussion of the product ¢(i). The next few

results are about the product that appears in Lemma 1.5. To begin we have:
Lemma 29. Let ¢~ (i )r(i) be defined as in Lemma 1.5. Set

oo = (7)) e ()0 )
+(_l)x(x‘: 1)(:: +;: + 1)

and

x+1

V(x,y) = 20 v(x,y, r)( .+ yf_ 4 2).

Then

a6 =TT G+ x e,
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Proof. Applying Lemma 1.2 to Lemma 1.5 we get

w=1-i p—-2

g '@)r@) =11 A (i + x,y)'*=»

x=0 ym=
where

V(x,y) =I§0 éo (—l)’(f’)(y;j)D(p,x —jx+y+1+w),

D(p,x—j,x+y+l+w)=—-(x_§+l)(x+y_{2+w)+D",

and

U (x—-j+1\[(x+y+1+w+u
o= g )L

+(x—j)(x+y+l+w-i-u )/
u x—j x+y+2+w+u)

Thus V(x,y) = =HK(x,y) + 2¥5(x,») + V(x,y) where
Hen = 2 5000 T ) 1) ey L2va)
-5 (30 )

-Eer (TN ) )

(To get this extend the range of summation to j = x + 1 in the original sum,
reverse the order of summation, and then apply Lemma 2.6.)

T O (TR Ceat) I

(One starts with the first part of D* and then argues as in the proof of Lemma

28)
K(x.y) = ;::0 (:)(x f r)(x +y-’;- 2+ ’)'

Combining these sums, one gets the ¥(x,y) of Lemma 2.10.
The quantity V(x,y) of Lemma 2.9 can be simplified. To this end we have

Lemma 2.10. Let

169 = 5 (7)(72 M aes b v2)
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and

+1
Ny rr\(p-r-y-1 P
B(x’)’)‘,go( 1)( y )( x+1-r )(x+y+r+2)'
Then A(x,y) = B(x,y).
Proof. If we sety = p — x — 2 — t we have

P TR W Cho by R Y

By the second part of Lemma 2.7,

(7))

Substituting this in the first equation above and rearranging we get

w0 = 5 (2 )5 ) Eer () ()

Making the substitution y = p — x — 2 — ¢ in the sum for A(x,y) we get

a0 =5 (7)(7)(L)

Comparing coefficients and cancelling common factors we see that the equation
B(x,y) = A(x,y) is equivalent to the equation

Sy t—J x+1+t—r)_ x+1
(203
But this identity is a special case of the identity
L A\(B—-1+N-k A-B
1\ — (_1\V
kgo( l)(k)( B-1 ) ( l)( N )’
which is derived by equating coefficients in the expansion of (1 + x)*(1 + x)72.

This completes the proof of Lemma 2.11.
If we combine Lemmas 2.10 and 2.11 we have

v =0 (T ) BT ) ey hrn)

_(_l),y+x+l p+x+1
- x+1 y+2x+3)
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But this, except for sign, is the exponent of 7(i + x, y) in the product (i, 0) 8, 1).
This proves

Lemma 2.11. Let q~'(i )r(i) be defined as in Lemma 1.5; B(i,0) and B(i, 1) be as
in Lemma 2.1. Then

g~ (@)r(@) = (BG,0)8G, 1)

Later we shall need another identity similar to the one given in Lemma 2.10:
Lemma 2.12, Let

M. 1) = 2( by (’+r)(jfr)(l+5:£+r)

M0, 1) =j‘:2311 (2',_ 1)(]-{T:r)(l+j£r+ l)‘

Then M,(j, 1) = M,(j,?).
Proof. To start we have

Mo =560 ("7)02) £ 4 224a)
=,éo(l+jf2+a),§a('l)(,+a) ;I;)(jfr)

=5 (e 02w (35207

If we set / = p — 1 —j — ¢ in this last sum we have

mGn =55t ) )
=S (2rl)
.kéo(_l)k(P‘;tlllc-F1)(}";141'16)
S(U e

To continue, in the defining sum for M,(j, /), replace r by k + 1 and y by
p—1—j—1t Then

and
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-1 /s :
SN J+1+k\[(j+1 P
Mz(f”)‘kgo( j+1 )(k+l)(t—l—k)

and the problem of showing that M,(j, /) = M,(j,?) reduces to one of showing
that 352% (=14 (21%) = (42)). But this can be established by equating
coefficients in the different expansions of (1 + x)4(1 + x)~5.

We shall also need:

Lemma 2.13. If j > O then

(1+l) jﬂ )(; +j+1
( 2 ,-. r +1-r/\y+ r +1
This is easy to prove. Merely note that the right-hand side of the equation is
equal to *(jil) 2{:: (r{'.l)(jf;l-r .

3. The main result of this section is the relation between (i, 1) and the B(i)
stated in Lemma 3.11. The equation there is based on several identities (given in
Lemmas 3.1 and 3.7) which we prove first.

Lemma 3.1. Let / and N be nonnegative integers. Let
S—§ k+1-q (N—k+q)( p+k-1 p+N-k )
1T &\ 1-¢ q 2k+2+1-qJ\2N-2k+q+2
and

_i(k+l—q)(1\’—k+q)( p+k—1 ) p+N—-k

T &\ -9 q 2k+1+21-qJ)\2N-2k+q+3)
Then

P+N+1(N+1+1\( p+N
E(S D=2\ IN+3+1

_(N+1+1/ p+N
- !/ 2N+3+/

The proof of Lemma 3.1 to be given here is due to Karl Goldberg. It is a bit
complicated, but it is considerably simpler than my original proof. A third proof
(and generalization) of Lemma 3.1 was discovered by L. Carlitz; his argument is
similar to Goldberg’s.
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To start we have:
Lemma 3.2, Let
23 k+q)( p+k )
By = 2 3 ( g Nak+j+q)™"
Then
© ® /
By (%)) E12(x,y) = lgo Ngo q=0 Sq)x'yN

and

© /
BetnBaten) = 5 8 (3 5)x0m

This can be proved by multiplying out the quantities involved.
Lemma 33. Forj 2> 1,

2
1-2""1=-(x+y+2)z+ (x+1)z22]
Furthermore, letting E,; = E (x,y),

pgo Fp.j(x’y)z’ = (

1
Ejn= go E,.

]

The first part of this lemma follows from the definition of Lemma 3.2,
rearrangements, and several well-known identities. The second is an easy
consequence of the first.

Lemma 3.4. Let a and B be functions of x and y such thata + B = x +y + 2,
af = x+ 1. Let g(p) = (a? — B?)/(a — B). Then

0] gp+)=(x+y+2)g(p)—(x+Dg(p-1),
) PP =g(p+Dglp=1+x+1)".
Furthermore

(3) Fp.l = I';.l(x9y) = 8(1’),

@ YE,=-1=(x+1g(p-1)+g(p),

) =-1-(x+y+1g(p) +g(p+1),
©) VE3=(x+y—py)+(x+1)(x+yglp-1) - xg(p)
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Proof. Equations (1) and (2) are trivial. As for (3), we have

el 1 az Bz
2 )" =3 -az)(l —B82) a—B(l —az 1 —Bz)'
Thus E, = (a” — B?)/(a — B) = g(p). Next, by the second part of Lemma 3.3,

1 (1-a? 1-p° 11
Eﬂ‘zﬁl‘a—ﬁ(l-i l—ﬁ)“;‘a—ﬁ B B)
= 1)1 = (x+ Dg(p-1) + g(p))

This gives us (4). Equation (5) follows from (4) and (1).
Finally,

1;_,=§;-y1-alﬁ(l‘fa—lf’ﬁ)

—E+ By S e(p) — 2+ Dglp — 1) + (x+ e~ 2)).

Applying (1) to the g(p — 2) term in this last expression we get (6).
Lemma 3.5. We have

VE 3 B, =1+Qx+y+2)g(p-1)-2g(p)
+ (4 Dx+y)g2p-1) - xg(pglp— 1) + (x + 1)

This follows from (4), (5) and (1) and (2) of Lemma 3.4.
Lemma 3.6. Let S = E,F_, — E3F, ). Then
=)0+ x+ 17"+ (x+py+2)E,, —2F,).

This follows from Lemma 3.5 and equations (3) and (6) of Lemma 3.4.
Now S of Lemma 3.6 is, by Lemma 3.2, a polynomial in x and y. In particular,
the coefficients of 1/y and 1/y? in the expression of Lemma 3.6 must be zero and

s+ 3 S (KT (L5 )

PN k+q)( p+k )2_2
21201‘;2( q 2k+q+l xyk :
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Reindexing we find that
- gl Néo (N 7 -I T l)(2I;\lq|—+nl++l4) cal
¥ g0 Igop(N +/I ' 1)(2N1,++In+ 3)x’yN
AT

+ go Ngo (_2)(N +/+ 2)(2pN++NI-:25) N,

This equation and Lemma 3.2 yield

! _ (N+1+1 p+N
Eo(sq'm"’( ! )(2N+I+3)

_P+N+1/N+1+1 p+N
N+2 !/ AN+1+3)

which is the conclusion of Lemma 3.1.

Lemma 3.7. Let
! 1-q+k +k-1
S — 1\l q P
EGH = 2 1) ( k )(I—q+2k+l)
‘(q+j—l-—k)( p+j-1-k )
i=1-k J\g+2(-k)+1
and
! P—q+k-1 +k-2
C ) — 1V q p
KGN = 2 ( 1)( k-1 )(I—q+2k)
‘(q+j—k)( p+j—k )
j—k q+2(i-k)+2/)
Let

aGH=Z EGH BUH=T R

andS(i,I)=A(j,I)+B(j,l). Then forp—1<j<2p-4and0< 1< 2p
— 4 — j we have S(j,?) = 0.

There are several steps to the proof of Lemma 3.7. The initial one consists of
some rearrangements:
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Lemma 38. LetJ =j—pand] =2p—4—j— /. Let

o-er §( )

J+l—-g+t+1 )(2p—3-l+q-t)
2J+2—q+5+2)\2p-3—-1+q-2)

F(q)—(-l)fz (l+, p+l+;)(p 2_,)

j+qg+t ) 2p—-2-g-t
2+ +q+4+2)\2p-2~-q-2t)

Let S(j, 1) be defined as in Lemma 3.7. Then
SG, 1) = (E(q) + F(q)).
Proof. To begin, let 7;(¢) denote a typical summand of E,(j, /). That is
OBl G A | PR
,(4+J-l—k)( p+j—-1-k

i=1-k Ng+26-6)+1)

Since T;(¢g) = O when k > p — 2 — / + g, for the second binomial factor above
is then zero, we have

2

GH=3 S10-3"3 1@

Nowifwemakethechangeofvanablek=J—p+2+1,t=0,...,2p—4
—Jj — 1 + g in the inner sum of the last double sum we find that this inner sum
is equal to

'§'(l-q+j—p+t+2) q+p-3—t)
Jj=p+t+2 p—-3-—-1t

=0
( j+e+1 )( 2p-3 -1t )
2j-p+1—q+5+2)\2p-3+qg—-2

where I = 2p — 4 — j — /. If we make the change of variable ¢’ = I + ¢ —1,

t =g, ..., I+ qin this sum we get the quantity E(g) of Lemma 3.8.
Similarly

S BUD = 5 FQ).

k=j—p+
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Lemma 39. Let I =2p—-4—-j—-4J=j—p,

'§ I+j-p+l+t)(p-2—t)
=) /-q q

4
. jtq+t )(2p-—3—q—t
2+ 1+q+5+2)]\2p-3-q-2

E(l,9) = (-

o= (15211

) Jtqg+er+1 )(2p—4—q—t)
2/ +1+q+6+2t)\2p—-4-q—-2t)

Then, forq =0, 1,..., 1, F(g) + E(! — q) = F(1,q) + E(1,9) and

SU.A) = 3, (FlL.g) + E(La).

(2)(51)-(G)(5) = (3)(o%1)-(%1)(5)

to the sum F(g) + E(/ — q) of Lemma 3.8 we get
L (I+j-p+ 1 +t)(p—§—t)(a(t)_p(t))

FQ+E(l-q)=(C1V 3 1= 4
where
a(t)—( jtq+t )(2p-3-q-t)
T\ +L+q+4+2u)\2p-2-q-2t)
B80) = jtaq+t )(2p—3—q-—t)
T\ H+L+qg+S5+2u)\2p-3-q-2t)

Now a(0) = 0 and the corresponding sum is F(1,q); B(Z) = 0 and the corre-
sponding sum is E(1,q).

Lemma 3,10, Let I = 2p — 4 — j — 1, J = j — p, and i be a positive integer. Let
Jorq=0,1,...,1
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EGo) =y § (1 F ) (Pl im0

. j+t+gq )(2p-—2—i—q—t
2J+1+q+4+i+2)\2p-2-i-q-2)

roa = 3 (1))

( jtt+qg+1 ) 2p-3-i-q-t)
2+ 1+q+5+i+2u)\2p-3~-i-g-2)

Gliq) = (__l)ji-l—ig 1+J+t+ 1)(p -‘12_-{'- t)

0 1-q
) j+t+gq 2p—-2—-i—gq-—t
2+ +q+4+i+2)\2p-2-i—-q-2)

Then, forq = 1,2, ...,/ + 1,

and

"g‘) (EG») + FG:9)) = 72::; (EG + 1,») + F(i + 1,»)) + G(i,q)
where G(i,/ + 1) = 0.

We shall prove Lemma 3.10, for fixed i, by induction on q. That is, we have to
show that E(i,q) + F(i,q) + G(i,q) = E(i + 1,q) + F(i + 1,q) + G(i,q + 1).
Now if ¢ < / we have

E(i,q) + G(i,q) + F(i,q)

= ; I+J+t+l)(p-2—i-t)
— 1)+
:go( l) ( I—q q

fa@) - B@I + Glig + 1)

) . 20-3—4—q—
where o(t) = (uui;'mnz:)(zz:zz—f-:-z‘«) and B (f) = (u-{fgfxuzu)(z:—-s—:—.:—z':)- Ap-

plying the identity mentioned in the proof of Lemma 3.9 we have a'(f) — 8'(¢t)
= a(t) — B(t) where

o = jtt+gq 2p-3—-i—qg—t

o) = 2+ +qg+4+i+2)\2p-2-i-qg-2

and
(t)—-( jtt+g )(2p—3—i—q—t)
BO=\2s+1+q+s+ivuf2p-3-i-qg-2)

Note also that a(0) = 0 and B(I — i) = 0. Thus, bringing these results together

we have E(i,q) + G(i,q) = E(i + 1,q) + F(i + 1,q) + G(i,q + 1). This com-
pletes the proof of Lemma 3.10.
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Lemma 3.7 follows from Lemma 3.10.
We now turn to the proof of

Lemma 3.11. Let B(i) be defined as in Lemma 1.6 and suppose that B(j) = 1 for
J 2 1. Let B(i,0) and B(i, 1) be as in Lemma 2.1 and suppose that B(j,0) = 1 for
Jj2i+ 1 Let
(k=1 (P k1
o= TR
Then

BG,1) = B() II H [BG + k), 57 s]m(l)
That is, Bi,1) = 1.

Recall
19) B(i) = ’ff ’;1_21: (i + j, 1)FU)
where k(j, /) = (-1) (M)(mm)
1) (i, 0)? = ,I-Iu ';lf[: i +j, 1)/0

where £(j, ) = (=1 (51 (Z47))- (The assumption (i + 1,0) = 1 of Lem-
ma 3.11 is needed to insure that (II) holds; see Lemmas 2.4 and 2.5.)
We also have

86,0 = T TL oG+ o

where m(j, /) = (—I)J“(';i:l)(mju

Lemma 3.11 can be summarized as: If (I) and (II) hold then 8(i,1) = 1.

We need to define several functions, sums, and products to carry out the proof
of Lemma 3.11. First, let

w0 =TS o =EHEn.

Second, let E;(j,7) and E(j,?) be defined as in Lemma 3.7. Finally, let

p2-k »
P) = II [BG + k), 573120,

oWw) = II H (i +4,0)'09,

J=N+
N-1 p— 2+k 2p—4—j

o(N) =11 IL =i+, £EGD,

k=0 j-N+ i=0
N p-2+k 2p-4

oWN)=11 11 I_Io r(i+j,1)’W").

k=1j+N+1 1
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There are several steps to the proof of Lemma 3.11. The first is
Lemma 3.12. Let Hy(v) and Q,(0) be defined as above. Then

P2
B6)BG1) = T 76,957 © 0,(0).
Proof. By (I) and the definition of B(i, 1),

BG)B'(i,1) = fl_]: ':ijoj i + j, 1)U

where e(j,/) = (1Y ((p +7)/G + DI)ESL). When j=0, €0,2)
= Hy(!)p; whenj > 1, e(j, /) = I(j, #). Splitting the double product according-
ly we get Lemma 3.2.

Lemma 3.13. Let Ey(j, /) be defined as above. Then

p-2 P2 2p—4-j
IT (i,)%0% =TI "T1 ol + ), £)%07.
= j- |

Proof. By (1I),
P2 p=2- ‘ 2 24~
H (i, ») P = Ho H T i+ + ) HoUa) — ’fl' T0 i+, 1)U
7=0j=1 ¢=0 j=i b=

where Ey(j,?) = 3* Hy(»)f(j,q) and the * indicates the summation is over
thosevandqwhen0<v<p 2,0<qg<p—-2-j,and » + g = /. Since
Ho) = () and 1Gra) = I (E5) we bave Hy0) =0 for »
>p—2and f(j,q) =0forq > p—2—. Thus

I . .
S efati—1 (p+1—1)( p—1 )
EGH = Z( ')”( s ) g+2+1)\1-q+1)
Lemma 3.14. Let P(1) be defined as above. Then
Pl 2p-4-j
P() =TI TI =G +j,0)509.
j=1 i=o
Proof. By the definition of P(1) and then (I),

P(1) = 1'[0[8(1 +1),5, ,s]n.(-)

=3 pml prl=j

=IOI II G +j,v + gyl
r=0 j=1 ¢=0

1 2p4-j
=TI I «+j,0Hi0"

Jj=1 1=0
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where
RG.A) = 3,000 - kG - 1.g)
-5 )
Lemma 3.15. We have
BB G DPO) = T A6+ 1L,YA © (D2, (DEs (D).
Proof. By Lemmas 3.2 and 3.3,

BRI ) = O T T o+

where 0,(0) = T122% TI2=2 (i +j,#)'9". By Lemma 3.14,

1 2p—4-j
P('”:ﬁ. T G+, )00,

Splitting off the part of these products corresponding toj = 1 we get the product
1725 i + 1,0)E?  where E(!) = E,(1,7) + F(1,7) + I(1,1). But E(!)
= H,(#)p where H,(?) is defined as above; this is easy to see once the quantities
involved are written out according to their definitions. Since H;(/) = 0 for
1 2 p — 2 this gives us the product displayed in Lemma 3.15. The remnants of
the double products give the Q;(1).

The methods of the last several lemmas lead to

Lemma 3.16. Suppose that 0 < N < p — 2. Then
2-N
BGEGDP()-+- P(V) = [ 1l + Ny @ Q(N)Q:(V)Qs(N ).

This is proved by induction on N, assuming that N < p — 3. One employs (II)
to reduce the displayed product, multiplies by P(N + 1), and then splits off the
commutators 7(i + N + 1,/) corresponding toj = N + 1. The exponent of these
commutators is

éo EN+LDH+E, 4N+ 1,0))+I(N+1,2).

The connection between these quantities and those of Lemma 3.1 is
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N /
S EaN+10N)=(E-D" 3 s,
k=0 q=0
N /
S EWN+1L.N=(CN"3 s,
k=0 q=0

o N+,pd—N+I(N+I+l ( p+N
IN+ L) = (D" s / F+2N+3)

Hra) = M (TN PN )

Consequently, by Lemma 3.1,

S EN LD+ BN+ 1,0) = IV +1,0) = HyaD)p.

This completes the proof of Lemma 3.16.
Lemma 3.17. We have

B@i)B' G, 1)P(1)---P(N) = (i + p — 2,0)7Q5(p — 2)Qs(p — 2)
where

0(r-2 =1 _f[ "I A+ 4,0y

and

2 p—-2+k 2p—4—j

O(p-2)= H H II (i +j, 1)BUD,

1=

To prove this take N = p — 2 in Lemma 3.6. Then Q,(p — 2) is an empty
product and H, ,(0) = —1.

Lemma 3.18. We have
4 24
BOBGDPO)-+ P(p=2) = T1 T 66 +4 00
where
SN afl+j=-p+1 J+1
SG.) = 1Y ,( Jj—p+1 )(I+2(j—p)+5)
3 . P2 .
+ k-jgp-ﬂ Ek(j’ I) + k-jgp-ﬂ I';c(.la I)'

Proof. Apply (I) to 7(i + p — 2,0)” in Lemma 3.17 and then gather like terms
together.
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Now the first term in the displayed equation for S(j, #) can be included in the
first sum by letting & run up to p — 2 there. (See the definition of E,(j, /) given
in Lemma 3.7.) So, by Lemma 3.7, S(jj, /) = 0. Consequently, by Lemma 3.8,

P2
A6 1) = BG) 1 P(6)
This, by the definition of P(k), is the conclusion of Lemma 3.11.

4. We are now in a position to discuss the extension problem, i.e., prove that
the groups under consideration do in fact exist. We shall assume that {s, G, is
a p-group of maximal class, construct G; as an extension of G;,;, and then show
that {s, G, is a p-group of maximal class. Our frame of reference is the known
result: G is an extension of H with |G: H| = p if and only if there is an x in G,
an A4 in H, and an automorphism a of H such that x”? = A, A* = A, h*’ = h4
for every h in H. This is proved in [3, p. 90].

Since G; = {s;, G;,,» we shall, in the construction of G, take x = s;, sf = A4,
where 4 is defined by Lemma 1.3, and let & = s; on G,,,. That is, since

Gy = {0 s 0 < ) S p=-Lj=1,...,n= 1),
s; is the mapping of G,,, defined by

(Sﬁirl) . 'S:(fl—]))s' = (Si+l[si+hsi])c(i+l) oo (sn—l[sn—l’si])dn-l)

where [s;,5,,,] is defined by Lemma 1.2 and Theorem 1. Our first problem arises
from the fact that s; must be an automorphism of G,,,.

Lemma 4.1. Let s; be the mapping of G, defined above and suppose that s, is an
automorphism of G,,,.. Then s; is an automorphism of G;,, if and only if
(%)™ = (s74)”.

Proof. Note first that our assumptions in Lemma 4.1 and Theorem 2 are drawn
so that [s;,[x,y]] = 1 for any x, y in G,,,. Thus although G; is not known to be a
group at this stage we can, by an abuse of terminology, say that G; is of class two.
Secondly since s; is, trivially, an automorphism of G,_, we have a starting point
for an induction.

So, suppose that s; is an automorphism of G,,,,;. Let g = sf,,x and h = s,y
where0 < ¢, d<p-1l,c+d=kp+ 4k =0o0r1and xandyarein G 4.
Since G; is of class 2 and s; is an automorphism of G;,,,, we have

(gh)" = (s34,) (s¥2,) " [x, sty )" ()™

and

gk = (sh, ) [x*, (s34, ) ) Cey) ™.
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Consequently s; is an automorphism of G, if and only if (s5,)" = (s%,)? and
[x,5%.]" = [x",(s%,)°). Lemma 4.1 follows from this for, since G, is of class 2,
the last equation is trivial.

Lemma 4.2. Suppose the assumptions of Lemma 4.1 hold. Set
1
A(i, t) = uI:IO [si’si+l+u](':')
for t > 1. Then (si4,)" = (sh.,)" if and only if A(i,t) = 1.

Proof. First of all (s%,)" = (s%,)” if and only if [s;,54,]° = [s;,s/,). This
follows from the way s, is defined on G,,, and the fact that G; is of class 2. Next,
by Lemma 1.3 and by the assumption that s; is an automorphism of G,,,,;,

-1
[siss8] = [si’si:-(l;ll .. 'si-é;lp—l] = ”I;[l (505 Siarsu] 0.
Consequently, [s;,s;,,]° = [s;,s%.] if and only if A(i,7) = 1.
Lemma 4.3. Suppose the assumptions of Lemma 4.1 hold. Set

B+ 1) =T TN+ Lo+ a= Lu-ay
fort > 0. Then, fort > 1, A(i,t) = 1 ifand only if B(i + 1,1 — 1) = 1.
Proof. To begin, forz > 1 and u > 0,
AG 2 + u,0) = MG, t,w)A\G + 1, — Lu— 1)
®‘liIl Ai+Lt+a-lLu—a)'Ni+L,t+a-lLu—a—-1)",

where A(i,j, k) = 1 for k < 0. This follows from Lemma 1.1 by induction on u.
Thus

. rl o (’)
A(l,t) = |41;IOA("I + u,O) ) = P,P,RP,

where
1
Pl = Ho A(i”’ u)(':')»
Y=

1
P, = ﬁ. A+ Lt — Lu— 1),

1 u
I§=pl:[l II‘}\(i+l,t+a—l,u—a)‘(~5'),

-1 u-1 ’
PB=TIIMN+1Lt+a—-lLu—a—1)(,
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Consider P,. Since A(i, #,0) is in an abelian group, say G,, and since the relation

(4
s .oos® = 1fori> qimplies that

-1
xO[x,s]® « - [x, S 5P =1

for any x in G, it follows that P, = 1.
Next, by definition B = B(i + 1,7).
Finally,

=1 u-1 ’
PP, = 1'[‘ Ho}\(i+ Lt+u—lLu—a- 1)
u=] g=
-1 u ’
=TT IOM+Lt=2+au—a ) =g>i+1,:-1).

u=] a=1

Consequently A(i,7) = B(i + 1,¢ — 1)B(i + 1,9).
To continue, since s; is an automorphism of G,,,; where j > 1 we have

AGt+ 1) =BG+ L)BGI+ 1,t+1) =1
At +2)" =B+ Lt + D)+ L, +2)"' =1

AGt+ )" = Bl + Lt +j = DV BG+ L+ )V = 1.

Furthermore if j is sufficiently large (j > n— 1 — i — ) then (i + 1,¢ +j) is
trivially equal to 1. Thus, since the right-hand side of the equations telescope, we
have B(i + 1,7) = 1. But then, by the last equation of the last paragraph,
A(i,¢) = B(i + 1,7 — 1). This proves Lemma 4.3.

Lemma 44. If B(i + 1,1) = 1 then B(i + 1,0) = 1 forall t 2> 1.
Proof. We have
-1 p-1
Bi+1,) =TI IIAG+ Lt +a—lLu—a)y,
a=1 ut+a
In addition, for ¢t > 2,

Ai+1,t+a-1,0)
=ANi+Lt+a-2,DANi+2,t+a-3,0"A\G +2,¢+a—-20)".
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Thus, fort > 2,

Bl + 1,0 = [BG + 1, = 1),s]BG + 2,t — 2)7'BG + 2,¢ — 1),

By induction (s, is an automorphism of G,,,), B(i + 2,») = 1 for all » > 0.
Thus B3 + 1,7) = [B(i + 1,# — 1),s], which proves that if B(i + 1,1) = 1 then
B+ 1,0) =1forallt > 1.

We can now prove that s; is an automorphism of G,,,. Since {s,G,,) is a p-
group of maximal class we have, by Lemma 1.6, B(i + 1) = 1. Since B(i + 1)
= 1 we have, by Lemma 3.11, 8(i + 1,1) = 1. Thus, by Lemma 4.4, B(i + 1,7)
=1 for all + > 1. Finally since B(i +1) =83+ 1,1) =1 we can, by
2.3 Lemma and the discussion that follows its proof, choose the parameter
aii+ l,n—p +2) so that B(i + 1,0) = 1. Since B(i + ,0) =1, s; is an
automorphism of G,,,.

Two other conditions arise in the construction of G; from G,,,: A" = A where
s? = A and h* = h4 for every h in G,,,.

As for the first of these, by Lemma 1.3, s/ is defined by

5= (B . 1)) 529,
Thus, since G; is of class 2, 4% = A is equivalent to [s;, s, -« ~s,(£)p_,] = 1. This
is the relation“B(i) = 1” of Lemma 1.6.
The remaining condition 4 = h“ for every h in G,,, is easy to verify. For s;

is an automorphism of G;,; and G; is of class 2 so the condition under
consideration reduces to

-1 ’
C(i’ t) = '1;.[0 [si+nsl+t]("') =1

for t > 1. (Take h = s;,, and use Lemma 1.3.) When ¢ = 1 we have

P2 ’
Ci,1) = [si,5])° ’I;Iz [si-o-l’siw]-("')-

So, by Lemma 24, C(i,1) = 1.
If t > 2 we proceed as follows: By definition

Pl R
0] CGit) = [si5i4e)? Hl [Si4rs i ],
Next, if {s, G;) were a p-group of maximal class we would have

() [si’siﬂ]’ = [siasi+t][si’si+t+l][si+l’si+t][si+l’si+l+l]'

Now s, G;> is not known to be a p-group of maximal class at this stage, but
{5,G;4,> is. Thus we can apply (2) to the commutators [s,,,s;+,] of (1).
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Furthermore, by Lemmas 1.2 and then 2.5, [s;,s;,,]’ can be expressed as a
product of commutators of the form

J
[si+k9si+k+l9s’ oo ’3]

where k > 1. Applying the i + 1 variant of (2) to these commutators we get, all
told

C(i, 1)’ = C@i, NC(,2)C@i + 1,1)
and
CGi,t)’ = CG,0OCG,t + 1)C@E + 1,6 — 1)C(i + 1,2).

Since C(i, 1) = 1 it follows by induction on ¢ that C(i,) = 1 for¢ > 1.

This completes the construction of G; from Gi,,.

Let us go on to the construction of <s, G;). An argument similar to that given
for Lemma 4.1 shows that s is an automorphism of G; if and only if (s{)? = (s)’
so we begin by examining this equation.

Lemma 4.5. Let q(i) and x(i) be defined as in Lemma 1.3. Set
s, »
P = I s siéal,
i=0
and

-2
P, = ’l;Io [Si40 S s JBED

L1 = _((.5.))

Then (s{)? = (s?)’ if and only if P, P,q(i)’s;") = 1.
Proof. According to Lemma 1.3,

sP= (s .. B q(i))'s2).

where

Consequently, since 57 = ;5,4 and s is an automorphism of G,,,, the equation
(s7)? = (sP)’ is equivalent to

(4 (4 (4 . -
(M (s,s,ﬂ)(')(s,-ﬂs”z)(*) T (si+p—lsi+p)(')q(‘ ):Sn-xy) =1

Next, by Theorem 4 of [5],

(i51)
[4 14
@ (31+/Si+l+l)('£') = s:(i'))s:(f)z—l[swhhsnl]( 2 )
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If we apply (2) to (1) and use the fact that G, is of class 2 to move the
commutators to the right we get Lemma 4.5.

Lemma 4.6. Let P, be defined as in Lemma 4.5. Set

-2 p-1-4
R= ‘H I1 [s,+,,s,+,..,,](7x""“).
-] =]

Then P, = q(i)~'s*) q(i + 1)™'R. Thus (s{)” = (sf)’ if and only if

PyRlg(i),slgi + 1) = 1.

Proof. To start, rewrite P, as

Py = s, (D)) (58, 55,) 551,

where

-l »
=1 (P51,

If we collect s}, to the left and move the resulting commutator to the right we
have

Py = (P s2) 6D, sl (3, )

By induction
Py= (s EE), - 5000 81 R
where
ol 2y (P
O = '_I:IH (szfl)s.(i)/)
and
’-l (4 (4 L4
R, = kI;I| [s§) - .. (&) slaz), ]

So, by the above and then Lemma 1.3,

Py= (o . 5papi®), - SB,) Ry

= ()" + 1) Ry,
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Setting R = R,_,, this completes the proof of Lemma 4.6.
Lemma 4.7. Let R be defined as in Lemma 4.6. Then

P2 p-2-x

x=] y=

where

x-1 . .
- wif Yyt p ptJ
) = ZEV( 7)) )
Proof. According to Lemma 1.2,

=2 p=1—4 w=l-i-t
R=11 II ]1) IL G+ + 4t —j = 1 — @) niedtia)

J=1 (=1 j=0 =0
To get Lemma 4.7 first hold / and j fixed and gather together those terms where
t —j—1—w = y. Then fix y and group together those terms where j + / = x.
Note: in the second step one has j + / = x, so, since / > 1, the range of j is
0....,x—1

Lemma 4.8. Let T(i) = RP,[q(i),slg(i + 1) where R and P, are defined as

above. Then

T(i) = [B(,0)BG,1),s)8G + 1,0)7'8G + 1,1)7' BG)™.
Proof. Let B(i) = B(i,0)B(i, 1) in what follows. In addition let

win = e (" (2 )10 20 )

mn=3 (NI 0)

Recall, by Lemma 2.12, M,(j, /) = M,(ji, /).
Now by Lemmas 2.9 and 2.8 and Lemmas 4.5, 4.6 and 4.7,

and

1 2 p-1-j
la(0)] = (B T (6. ) 540 T T ot +,4) 465,
1 2 p-1-j .
a G+ 1) = B+ 7 T oG+ 500909 TTE oG+ 10,
2 3 p2-j
R =TI 66 +5,0099 - T[T ot + 1,1y,

P2
P2 = 1107(' +j’0)x(.l)'
j-
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where

600 =2 ("7 )G st rea)

i) = MG+ (1) (, 20 ),

s0) = (%)

Let us consider the total exponent of (i +j,/) in the above scheme when
j=2land1 < /< p—-1—j Wehave

UG- L0 - UGG - 1,1) = =My ).
Consequently,
uG-10-uG-10+e6n = (1) (, 21 )

Consider next the exponent of 7(i + j,0) where j > 1. We have

ai-19=5 (20"
and g(j) = -<(’§' ))-

So, by a trivial variation of Lemma 2.13,
UG - 1,0) + g(j) = - M,(j,0).
Since e(j,0) = M, (j,0) + (—1)/*'(£%), it follows that
. . N v Pt
UG - 1,0 +80) + 0 = 7 (1)

The product

1(6,0)® T (s, )0
=1

remains to be considered. But g(0) = —(§) and —U(0,7 — 1) = —(,5,).
Bringing these results together and referring to the double product representa-
tion of B(i) in Lemma 1.6 we get the conclusion of Lemma 4.8.
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Lemma 4.8 implies that T(i) = 1. For we have B(i) = B(i + 1,0) =
B + 1,1) = 1 from our earlier work. Furthermore, by Lemma 3.11 if B(i) = 1
then B(i,1) = 1 and, by Lemma 2.3,

[B(,0),518G, 1) = BG).

Consequently [ 8(;,0)8(, 1),s] = 1,s0 T(i) = 1, and s is an automorphism of G;.

The two remaining construction conditions are: If s = A4 then 4’ = A4 and
h** = h* for every h in G,. We have s? = s*_, where s,_, is in the center of G so
A = s5¥,and A° = A is trivial. Moreover, since {s, G,,, ) is a p-group of maximal
class the condition A** = A4 reduces to s}’ = s,. This fact follows from

Lemma 4.9. Let q(i) be defined as in Lemma 1.3 and r(i) as in Lemma 1.4. Then
s$"=s;ifandonly if g '(i + Dr(i + 1) = 1.

Proof. If we take x = s and y = 5; in Theorem 3 of [5] we get (see the proof
of Lemma 1.4)

(4 .
s = 5;si - sitpri + 1).

Thus, by Lemma 1.3, sf* = s; if and only if ¢~'(i + 1)r(i + 1). This completes
the proof of Lemma 4.9.

By Lemma 2.12, ¢~'(i + 1)r(i + 1) = B(i + 1,0)7'8(i + 1,1)”". This verifies
the condition and completes the construction of {s, G;).
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